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LE'ITER T O  THE EDITOR 

A new conservation law constructed without using either 
Lagrangians or Hamiltonians 
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Departamento de Fisica, Facultad de Ciencias, Universidad de Chile, Casilla 653, Santiago, 
Chile 

Received 25 October 1991 

Abstract. A new wnservstion theorem is derived. The conserved quantity is Constructed 
in terms of a symmetry transformation vector of the equations of motion only, without 
using either Lagrangian or Hamiltonian structures (which may even fail to exist for the 
equations at hand). One example and implications ofthe theorem an the structure of paint 
symmetry transformations are presented. 

Conservation theorems are extremely useful tools in theoretical physics. Most of them 
are constructed by using either the Lagrangian or the Hamiltonian structures of the 
equations of motion. The Noether theorem associates one conserved quantity to each 
Lagrangian symmetry [l] while the Poisson theorem requires two constants of motion 
and the symplectic structure of the Hamiltonian formalism (Poisson bracket) t o  produce 
a third conserved quantity [ 2 ] .  

Other theorems rely on the previous knowledge of a symmetry transformation 
vector and a constant of motion, to get a new constant of motion, for instance [3]. 
Non-Noetherian conservation laws give rise to several constants of motion for a 
given symmetry transformation using the Langrangian structure of the equations of 
motion [3]. 

I n  this letter we present a new conservation theorem constructed in terms of a 
symmetry transformation vector of the equations of motion only. Neither a Lagrangian 
nor a Hamiltonian structure of the differential system is invoked to get the conservation 
law. No knowledge of a previously found constant of the motion is needed. In this 
sense, the theorem appears to differ drastically from the other conservation laws known 
up to now. 

In what follows, we prove two versions of the theorem, we show that point symmetry 
!clnsforml!inns have a definite filnc!iona! structure as a consequence of this new 
conservation law, and we present an illustration of the theorem. 

Let us now state the theorem. Consider a set of second-order differential equations 

(1) j ' - ~ ' ( ~ J , d J , t ) = o  i, j = I ,  . . . , n 

where the force F' satisfies (in some coordinate system) 

JF' 
,=O. 
JG 

t On leave from: lnstituto de Ciencias Nucleares, Universidad Nacional Authama de MCxico, A Postal 
70-543.04510 MCxico, DF, MCxico. 
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If 6' 
5, = 5i (q ' ,  q', f )  

is a symmetry vector for equation ( l ) ,  that is, if g' satisfies 

a a . JF' . a F ' a  
d f  df J q  J q ' d f  
- (-5') -~ 5J _- - 5'=0 

with 

4 J : J  J _-_ - + q ' y f F ' -  
d f  Jf Jq Jq' 

then r 

is a conserved quantity for equation ( I ) .  Before proving the theorem, a few remarks 
are in order. Condition (2) is only one very mild restriction on the force, which is 
satisfied by all velocity-independent forces (even if no potential for them exists). This 
condition is relaxed in the second version of the theorem. Lorentz-like forces also 
satisfy condition (2) even ifthe 'electromagnetic' fields are not derivable from potentials. 
The symmetry vector 6' is defined so that the infinitesimal transformation 

(7) q' i  = qi f E&' 

maps solutions 9' of equation ( I )  in solutions q'i of the same equation (up to E*  terms). 
For details see [4] for instance. In the case of Lagrangian theories it may be shown 

(4). (See, for instance, [ 5 ] ) .  
th2t a!! symmetry tra"sf"rmat"ians skich SEttlSf:. the NOP!hCr thcnrem nbey eq.?.tian 

Now for the proof. Consider 

a a J g ' a J a  - I =_  -+- - - 5'. 
dr df  Jq' df Jq'  dr 

It is straightforward to show that for any function A = A ( q ' ,  q', 1) 

J a  d F J  JA A - - - A  = _ - _  a J  
df  Jq'  aq 'df  Jq' Jq' 
-_  

and 

Therefore, one may rewrite (8) as 

_- 41 JF'  Jg' f-- J 4 ( a  - #  ,) JF' J 45' 
df Jq' dq' Jq' d t  dr aq' aq' d t .  

It is now enough to consider the divergence with respect to velocities of the symmetry 
(4) and condition (2) to conclude that 

a 
- l = O  
dr 
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which is the conservation law. Neither a Lagrangian nor a Hamiltonian is needed in 
the proof. No previous knowledge of a constant of motion for system (1) is invoked 
either. 

To the best of our knowledge this theorem is unique in the sense that the conservation 
law is constructed in terms of a symmetry vector of the equations of motion only. 

We will now show that this theorem drastically restricts the functional form of 
point symmetry transformations I' 

6' = .f(qJ, 1) 

for equation (I). Consider the conserved quantity I,, 
JC' J a 

lo = 7+ - - l .  
J q  J q '  dr 

Io reduces to 

(14) 

due to the fact that 5' is velocity independent. Io given by (15) is therefore a velocity- 
independent constant of motion. This fact means that Io is a pure number, because 
there are no dynamical constants which are functions of coordinates only. Then, 

l o = C  (16) 
and, consequently, the most general expression for in n dimensions is 

where 
dence on q' and f. 

is completely antisymmetric in all of its indices and has arbitrary depen- 

In three dimensions, one has 

3 (18) 

!$ is det;!!ed Er" tn the Zddi!iO!! of the gradieat of a!! arbi!rary gacge f.!!r!io!! g. 

C 
E = - r + V h  @ 

for arbitrary @(r ,  f). 

Thus, 5 may be written in terms of two arbitrary functions. Note that the (n -2) form 
+ is gauge invariant in the sense that the expression (17) for 6' does not change by 
the addition of the exterior derivative of an arbitrary ( n  -3)-form g, to +. The (n -2) 
form + (and therefore 5') is also invariant under the addition of the exterior derivative 
of an (n-4)-fOrm g, to g,, so on and so forth. It is not difficult to count the total 
number of arbitrary functions in f ,  which adds up to (n- I ) ,  as it should, in view of 
equations (15) and (16). 

The theorem we have presented may now be generalized by relaxing condition (2) 
in the following fashion. Assume that F' does not satisfy (2) but there is a function 
A = A ( q ' )  such that 

JF' a 
-+-(In A ) = O  
Jgi  d! 

(in some coordinate system). Then, the conserved quantity IA is 
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The proof is straightforward and proceeds in the same way as before, by using equations 
( 4 ) ,  ( 9 )  and (10). 

As an illustration of the theorem in its general version, consider the case of a 
two-dimensional harmonic oscillator, in polar coordinates, 

i'= -&+ # I  F' (21) 

.. 2ie  
( 2 2 )  0 =---I Fn. 

r 

The symmetry equations are 

It is easy to verify that 

8r  = Er38 

m = o  
is a particular solution of (23)  and (24) .  

Now, one gets that 

JF' d F B  2 i  - +-=-- 
J i  J e  r 

that is, the force given by ( 2 1 )  and ( 2 2 )  satisfies condition (19) with A given by  

A - r2. (28) 

In other words, F' satisfies 

JF' a 
-+-((In r 2 )  =o. 
J q '  d t  

The Conserved quantity I, is 

I A = 6 r 2 8  ( 3 1 )  

which is proportional to the angular momentum of the oscillator which is, of course, 
conserved. 

This example shows how the generalized verison of the theorem works and allows 
for the construction of a conserved quantity without using either Lagrangians or 
Hamiltonians. Of course, the original version of the theorem is useful for the harmonic 
oscillator system when the equations are written in Cartesian coordinates (using the 
same symmetry vector given by ( 2 5 )  and ( 2 6 ) ) .  

It is perhaps worth remarking that condition ( 2 )  as well as the conserved quantity 
( 6 )  are not coordinate invariant. Nevertheless, if condition ( 2 )  is fulfilled in some 
particular coordinate system, then the Conserved quantity for equation (1) may be 
constructed by using (6)  in that particular coordinate system. 



letter to the Editor L295 

Further applications as well as an extension to field theory will be considered in 
the future. 

The author is grateful to Fundaci6n Andes (Chile) for a fellowship. He would also 
like to thank Fondo Nacionql de Ciencia y Tecnologia (Chile) for partial support. 
under grant no 91-0857. 

References 

[I]  Sildarshan E C G and Mukunda N 1974 Clnsrieol Mechanics: A Modem Perspeclive (New York Wiley) 
[2] Landau L and Lifschitz E M 1976 Meehanies (Oxford: Pergamon) . 
131 Hojman S, Ntiiez L. Patiito A and Rag0 H 1986 1. Marh. Phys. 21 281 
i4j iiojman S i984 i Pip. A: M-orh. Gen. ii Z Y Y  
[SI Hojman S and Zenuche F 1985 Nuovo Cimento B 88 1 


